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LANDAU AUTOMORPHIC FUNCTIONS ON C
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s, Fa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o
Abstrat. We investigate the spetral theory of the invariant Landau Hamiltonian
L
ν = −
1
2
(
4
nX
j=1
∂2
∂zj∂z¯j
+ 2ν
nX
j=1
(zj
∂
∂zj
− z¯j
∂
∂z¯j
)− ν2|z|2
)
ating on the spae FνΓ,χ of (Γ, χ)-automotphi funtions on C
n
, onstituted of C∞ fun-
tions satisfying the funtional equation
f(z + γ) = χ(γ)eiνℑm〈z,γ〉f(z); z ∈ Cn, γ ∈ Γ,
for given real number ν > 0, lattie Γ of Cn and a map χ : Γ→ U(1) suh that the triplet
(ν,Γ, χ) satises a Riemann-Dira quantization type ondition. More preisely, we show
that the eigenspae EνΓ,χ(λ) =
˘
f ∈ FνΓ,χ; L
νf = ν(2λ+ n)f
¯
; λ ∈ C, is nontrivial if and
only if λ = l = 0, 1, 2, · · · . In suh ase, EνΓ,χ(l) is a nite dimensional vetor spae whose
the dimension is given expliitly by
dim EνΓ,χ(l) =
„
n+ l − 1
l
«
(ν/pi)nvol(Cn/Γ).
Furthermore, we show that the eigenspae EνΓ,χ(0) assoiated with the lowest Landau level
of L
ν
is isomorphi to the spae, OνΓ,χ(C
n), of holomorphi funtions on Cn satisfying
g(z + γ) = χ(γ)e
ν
2
|γ|2+ν〈z,γ〉g(z), (∗)
that we an realize also as the null spae of the dierential operator
nX
j=1
(
−∂2
∂zj∂z¯j
+ νz¯j
∂
∂z¯j
)
ating on C∞ funtions on Cn satisfying (∗).
1. Notation and statement of main result
Let C
n
be the n-omplex spae endowed with its Hermitian form 〈z, w〉 = z1w¯1+ · · ·+
znw¯n and let ω(z, w) = ℑm〈z, w〉 be the assoiated sympleti form. For given xed ν > 0,
we denote by L
ν
the Landau Hamiltonian (alled also twisted Laplaian [17, 13℄). It goes
bak to Landau and desribes (for n = 1) a nonrelativisti quantum partile moving on
the (x, y)-plane under the ation of an external onstant magneti eld of magnitude ν.
The operator L
ν
is given expliitly in the omplex oordinates (z1, z2, · · · , zn) = z by
L
ν = −
1
2

4
n∑
j=1
∂2
∂zj∂z¯j
+ 2ν
n∑
j=1
(zj
∂
∂zj
− z¯j
∂
∂z¯j
)− ν2|z|2

 (1.1)
and is linked [17, 18℄ to the sub-Laplaian
L = 4
n∑
j=1
∂2
∂zj∂z¯j
+ 2i
n∑
j=1
(
zj
∂
∂zj
− z¯j
∂
∂z¯j
) ∂
∂t
+ |z|2
∂2
∂t2
,
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on the Heisenberg group H2n+1eis = C
n
z × Rt through the Fourier transform in t. Suh
operator plays an important role in many dierent ontexts suh as Feynman path integral,
osillatory stohasti integral and theory of latties eletrons in uniform magneti eld (see
Bellissard [3℄ and referenes therein). For what is the spetral properties, it is known that
L
ν
is a selfadjoint ellipti dierential operator on L2(Cn; dm), the usual Hilbert spae of
square integrable funtions on C
n
with respet to the Lebesgue measure dm. Its spetrum
is purely disrete and given by the eigenvalues (Landau levels)
ν(2l + n), l = 0, 1, 2, · · · , (1.2)
whih our with innite multipliities [2, 12, 16℄. Additonal spetral properties relevant
for our purpose are realled in Setion 2.
In this paper, we onsider the ation of the operator L
ν
on some appropriate funtional
spaes. Let Γ be a full rank lattie of Cn (i.e., a disrete subgroup of rank 2n of the additive
group R
2n = Cn) so that Cn/Γ is ompat, and χ be a given map
χ : Γ −→ U(1) = {λ ∈ C; |λ| = 1}.
To the given data (ν,Γ, χ), we then assoiate the spae FνΓ,χ of C
∞
funtions f on Cn that
satisfy the funtional equation
f(z + γ) = χ(γ)eiνω(z,γ)f(z) (1.3)
for all z ∈ Cn and γ ∈ Γ, as well as the spae OνΓ,χ(C
n) of holomorphi funtions g on Cn,
g ∈ O(Cn), satisfying the following funtional equation
g(z + γ) = χ(γ)e
ν
2
|γ|2+ν〈z,γ〉g(z) (1.4)
for all z ∈ Cn and γ ∈ Γ. Then, it will be shown that the spae FνΓ,χ (or also O
ν
Γ,χ(C
n))
is a nonzero omplex vetor spae if and only if the triplet (ν,Γ, χ) satises the following
(RDQ) ondition
χ(γ1 + γ2) = χ(γ1)χ(γ2)e
iνω(γ1,γ2) (RDQ)
for every γ1, γ2 ∈ Γ (see Proposition 3.1). In this ase and owing to the fat that the
Landau Hamiltonian L
ν
leaves invariant the spae FνΓ,χ (see Proposition 2.1), we an
onsider its restrition to FνΓ,χ that we shall denote by L
ν
Γ,χ and therefore onsider the
assoiated eigenvalue problem L
ν
Γ,χf = ν(2λ + n)f in F
ν
Γ,χ with λ ∈ C. Hene by E
ν
Γ,χ(λ)
let denote the orresponding eigenspae, i.e.,
EνΓ,χ(λ) =
{
f ∈ FνΓ,χ; L
ν
Γ,χf = ν(2λ+ n)f
}
. (1.5)
and let make for instane the following
Denition 1.1. Assume (RDQ) to be satised by the triplet (ν,Γ, χ).
i) We all FνΓ,χ the spae of (Γ, χ)-automorphi funtions on C
n
of magnitude ν.
ii) We all EνΓ,χ(λ) the spae of Landau (Γ, χ)-automorphi funtions of magnitude ν
at the level λ. The partiular one
EνΓ,χ(0) :=
{
f ∈ FνΓ,χ; L
ν
Γ,χf = nνf
}
. (1.6)
orresponding to λ = 0 is alled the "fundamental spae of (Γ, χ)-ground states".
iii) We all OνΓ,χ(C
n) the spae of holomorphi (Γ, χ)-automorphi funtions of mag-
nitude ν or also (Γ, χ)-theta funtions on Cn.
The objetive of the present paper is to investigate the spetral analysis of the involved
eigenspaes EνΓ,χ(λ). Namely, the main result to whih is aimed this paper is the following
Main Theorem. Assume the (RDQ) ondition to be satised by the triplet (ν,Γ, χ) and
let EνΓ,χ(λ) and O
ν
Γ,χ(C
n) be the funtional spaes dened above. Then
i) The eigenspae EνΓ,χ(λ) is a nonzero vetor spae if and only if λ is a positive integer
λ = l = 0, 1, 2, · · · .
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ii) For every xed positive integer l = 0, 1, 2, · · · , the spae
EνΓ,χ(l) =
{
f ; f ∈ FνΓ,χ, L
ν
Γ,χf = ν(2l + n)f
}
is a nite dimensional vetor spae whose the dimension is given expliitly by the
formula
dimEνΓ,χ(l) =
Γ(n+ l)
Γ(n)l!
(ν/pi)nvol(Cn/Γ), (1.7)
where Γ(x) is the usual gamma funtion and vol(Cn/Γ) denotes the Lebesgue volume
of a fundamental domain of the lattie Γ.
iii) The fundamental spae of (Γ, χ)-ground states, EνΓ,χ(0), is isomorphi to the spae
OνΓ,χ(C
n) with f 7−→ g = e
ν
2
|z|2f from EνΓ,χ(0) onto O
ν
Γ,χ(C
n) as isomorphism map.
For the establishment of our main result, we have make use of the expliit desription
of the spetral analysis of the operator L
ν
. The omputation of the dimension of the
eigenspaes EνΓ,χ(l) is done à la Selberg [15, 8℄. In fat, we determinate the traes of inte-
gral operators assoiated with (Γ, χ)-automorphi kernel funtions obtained by averaging
reproduing kernels of the free L2-eigenspaes of Lν .
Remark 1.2.
a) Owing to Proposition 2.1, the statement i) in the main theorem shows that the op-
erator L
ν
and its restrition L
ν
Γ,χ := L
ν |Fν
Γ,χ
have the same spetrum (i.e., stability
of the spetrum under perturbation by the lattie Γ). However, the degeneray of
the eigenvalues beomes nite.
b) Note that the dimension of the spae of Landau (Γ, χ)-automorphi funtions EνΓ,χ(l)
is independent of the multiplier χ. It an also be noted that all the eigenspaes have
the same dimension when n = 1. While for n ≥ 2 the dimension of the spaes
EνΓ,χ(l) growths polynomially in l. Namely, we have
dimEνΓ,χ(l) ∼ Cl
n−1
as l→ +∞
for ertain onstant C > 0.
The outline of the paper is as follows. In Setion 2, we ollet and review some needed
bakground on the spetral theory of the Landau Hamiltonian L
ν
ating on the free Hilbert
spae L2(Cn; dm). Setion 3 is devoted to give some basi properties of the spaes FνΓ,χ
and OνΓ,χ(C
n). Mainely, we prove the equivalene of the nontriviality of suh spaes to
the (RDQ) ondition and moreover we expliit the expression of the reproduing kernel of
OνΓ,χ(C
n) as well as its dimension. In Setion 4, we investigate some general properties of
a lass of (Γ, χ)-automorphi kernel funtions on Cn×Cn of magnitude ν that are essential
for our purpose. In Setion 5, we present the proof of our main result. The latest setion
deals with some onluding remarks.
We onlude this introdution by providing an example of triplet (ν,Γ, χ) satisfying the
(RDQ) ondition. For Γ being a lattie in C = R2, we denote by S
Γ
its ell area and we
set ν
Γ
= pi/S
Γ
. Let χ
Γ
be the Weierstrass pseudo-harater dened on Γ by χ
Γ
(γ) = +1 if
γ/2 ∈ Γ and χ
Γ
(γ) = −1 otherwise [9, page 103℄. Then, it an be shown that (ν
Γ
,Γ, χ
Γ
)
satises (RDQ) and that we have dim E
ν
Γ
Γ,χ
Γ
(l) = 1 for every l = 0, 1, 2, · · · . Moreover,
one an build generator of eah E
ν
Γ
Γ,χ
Γ
(l) involving basially the modied Weierstrass sigma
funtion.
2. Bakground on spetral theory of the operator L
ν
We begin with an invariane property of the Landau Hamiltonian L
ν
. For this, let G =
U(n)⋊Cn be the solvable semidiret produt of the unitary group U(n) with the additive
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group (Cn,+). Suh group is also realized as
G =
{
g =
(
a b
0 1
)
; a ∈ U(n), b ∈ Cn
}
.
and ats transitively on C
n
by the holomorphi mappings z 7−→ g.z := az + b, whih an
be extended to L2(Cn; dm) by onsidering
[T νg f ](z) := jν(g, z)f(g.z), (2.1)
where the involved fator jν(g, z) is given by
jν(g, z) = e
iνω(z,g−1.0). (2.2)
We then assert
Proposition 2.1.
i) For every g1, g2 ∈ G, we have the hain rule
jν(g1g2, z) = e
iνω(g−1
1
.0,g2·0)jν(g1, g2.z)jν(g2, z). (2.3)
ii) The transformation T ν denes a projetive representation of the group G on the
Hilbert spae L2(Cn; dm). That is
a) It is a unitary transformation on L2(Cn; dm) for every g ∈ G.
b) For all g1, g2 ∈ G, we have T
ν
g1g2 = e
iφν(g1,g2)T νg2 ◦ T
ν
g1, where the phase fator
is given here by φν(g1, g2) = νω(g
−1
1 .0, g2 · 0).
) The map g 7→ T νg f from G into L
2(Cn; dm) is a ontinuous map for every
xed f ∈ L2(Cn; dm).
iii) The Landau Hamiltonian L
ν
is T ν-invariant in the sense that for every g ∈ G we
have T νg L
ν = LνT νg .
The proof of suh proposition an be handled by straightforward omputation. For iii),
one an also refer to [5℄ for an intrinsi dierent approah.
Additional needed spetral properties of L
ν
are summarized in the following
Proposition 2.2.
i) For xed λ ∈ C, the spae of radial funtions f solution of Lνf = ν(2λ + n)f is
one dimensional, and it is generated by
ϕλ(z) = e
− ν
2
|z|2
1F1(−λ;n; ν|z|
2), (2.4)
where 1F1(a; c;x) = 1 +
a
c
x
1! +
a(a+1)
c(c+1)
x2
2! + · · · is the usual onuent hypergeometri
funtion.
ii) The funtion ϕλ given by (2.4) is bounded if and only if λ is a positive integer l;
l = 0, 1, 2, · · · .
iii) The spetrum of L
ν
ating on L2(Cn; dm) is disrete and given by the so-alled
Landau levels ν(2l + n); l = 0, 1, 2, · · · , where eah eigenvalue ours with in-
nite multipliity. Furthermore, we have the following orthogonal deomposition in
Hilbertian subspaes
L2(Cn; dm) =
∞⊕
l=0
A2,νl (C
n) (2.5)
where A2,νl (C
n) =
{
f ; f ∈ L2(Cn; dm) and Lνf = ν(2l + n)f
}
.
iv) The L2-eigenprojetor kernel of the L2-eigenspae A2,νl (C
n) is given expliitly by
the following losed formula
Kνl (z, w) = e
iνω(z,w)Qνl (|z − w|), (2.6)
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where we have set
Qνl (|z − w|) =
Γ(n+ l)
Γ(n)l!
(ν/pi)ne−
ν
2
|z−w|2
1F1(−l;n; ν|z − w|
2),
and then satises the following "G-invariane property"
Kνl (z, w) = e
iνω(z,g−1.0)Kνl (g.z, g.w)e
−iνω(w,g−1 .0)
(2.7)
for every g ∈ G and z, w ∈ Cn.
Proof. To hek the statement i), we write L
ν
in polar oordinates z = rθ; r ≥ 0 and θ in
the (2n− 1)-dimensional unit sphere S2n−1,
−2Lν =
∂2
∂r2
+
2n− 1
r
∂
∂r
+
1
r2
∆S2n−1 + 2ν(Lθ − Lθ)− ν
2r2,
where ∆S2n−1 denotes the Laplae-Beltrami operator on S
2n−1
and Lθ is the tangential
omponent of the omplex Euler operator E =
n∑
j=1
zj
∂
∂zj
= r2
∂
∂r+Lθ. So that the dierential
equation L
νf = ν(2λ+ n)f , for radial solutions φ(r), redues to the following
d2φ
dr2
+
2n − 1
r
dφ
dr
− ν2r2φ+ 2ν(2λ+ n)φ = 0.
Next, making use of the appropriate hange of funtion φ(r) = e−x/2y(x) with x = νr2,
we see that the previous equation leads to the following ordinary dierential equation [11,
page 193℄
xy
′′
+ (n− x)y
′
+ λy = 0
whose regular solution at x = 0 is the onuent hypergeometri funtion 1F1(−λ;n;x).
The assertion ii) is lear for λ = 0. For λ 6= 0, we use the asymptoti behavior of the
onuent hypergeometri funtion given by [11, page 332℄
1F1(a; c;x) = Γ(c)
{
(−x)−a
Γ(c− a)
+
exxa−c
Γ(a)
}(
1 +O(
1
x
)
)
as x→ +∞. Hene for a = −λ, c = n and x = ν|z| in above, we obtain
lim
|z|→+∞
e−
ν
2
|z|2
1F1(−λ;n; ν|z|
2) = lim
|z|→+∞
Γ(n)
Γ(−λ)
(ν|z|2)−(n+λ)eν|z|
2
.
From whih, we onlude that ϕλ is bounded if and only if λ = 1, 2, · · · .
The result in iii) is well known and the reader an refer for example to [2℄. While the
proof of iv) is ontained in [5℄ and an be handled in a similar way as in [1℄. 
In the next setion, we study some basi properties of the spae of (Γ, χ)-automorphi
funtions that the Landau Hamiltonian L
ν
will at on.
3. Basi properties of the spae FνΓ,χ and assoiated spaes
Reall that for given data ν > 0, Γ a lattie of R2n = Cn of rank 2n and χ a mapping
from Γ to the unit irle {λ ∈ C; |λ| = 1} = U(1), we have assoiated the funtional spae
FνΓ,χ =
{
f ∈ C∞(Cn); f(z + γ) = χ(γ)eiνω(z,γ)f(z)
}
. (3.1)
The following proposition gives suient and neessary ondition on the triplet (ν,Γ, χ)
in order that FνΓ,χ is a nonzero spae. Namely, we have
Proposition 3.1. The omplex vetor spae FνΓ,χ is a nonzero spae if and only if the
triplet (ν,Γ, χ) satises the following ondition
χ(γ1 + γ2) = χ(γ1)χ(γ2)e
iνω(γ1,γ2) (RDQ)
for every γ1, γ2 ∈ Γ. In this ase F
ν
Γ,χ is an innite dimensional omplex vetor spae.
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Remark 3.2. Under the (RDQ) ondition, the map χ satises the following properties:
χ(0) = 1 and χ(−γ) = χ(γ). (3.2)
Also, by interhanging the roles of γ1 and γ2 in (RDQ) and using the fat that the sym-
pleti form ω(·, ·) is antisymmetri, we have neessarily
νω(γ1, γ2) ∈ piZ (3.3)
for every γ1, γ2 ∈ Γ.
Remark 3.3. The (RDQ) ondition is equivalent to that the omplex valued funtion Jν,χ
dened on Γ × Cn by Jν,χ(γ, z) := χ(γ)e
iνω(z,γ)
is an automorphy fator satisfying the
oyle identity,
Jν,χ(γ1 + γ2, z) = Jν,χ(γ1, z + γ2)Jν,χ(γ2, z).
Therefore φγ(z; v) := (z + γ;χ(γ)e
iνω(z,γ).v) denes an ation of Γ on Cn × C and the
assoiated quotient spae (Cn × C)/Γ is a line bundle over the torus Cn/Γ with ber C =
τ−1([z]), where the projetion map τ : (Cn × C)/Γ −→ Cn/Γ is the natural one indued
from the anonial projetion pi : Cn −→ Cn/Γ. Thus, one an regard the spae FνΓ,χ as the
spae of C∞ setions of the above line bundle over the omplex torus Cn/Γ and therefore
FνΓ,χ is of innite dimension.
Remark 3.4. The abbreviation (RDQ) is used to refer to "Riemann-Dira Quantiza-
tion" ondition. Indeed, the pair (H,E), with H(z, w) := (ν/pi)〈z, w〉 and E(z, w) :=
ℑmH(z, w), satises the Riemann ondition [7, 14℄, and then the onsidered omplex torus
is an abelian variety. Also, the ondition (3.3) is that alled in Quantum Mehanis Dira
quantization.
Proof of Proposition 3.1. The proof of "only if" follows by assuming that FνΓ,χ is nontrivial
spae and next by omputing f(z + γ1 + γ2) in two manners, for a given nonzero funtion
f ∈ FνΓ,χ. Indeed, we have
f(z + γ1 + γ2) = χ(γ1 + γ2)e
iνω(z,γ1+γ2)f(z) (3.4)
and also
f(z + γ1 + γ2) = f([z + γ1] + γ2) = χ(γ2)e
iνω(z+γ1,γ2)f(z + γ1)
= χ(γ1)χ(γ2)e
iνω(γ1,γ2)eiνω(z,γ1+γ2)f(z). (3.5)
Next, by equating the right hand sides of (3.4) and (3.5) and using the fat that f is not
identially zero, we onlude that
χ(γ1 + γ2) = χ(γ1)χ(γ2)e
iνω(γ1,γ2) (RDQ)
for all γ1, γ2 ∈ Γ.
For the onverse, we may use Remark 3.3. But for readers whom are not familiar
to suh language a diret proof an be given. In fat by lassial analysis, one an pik
any arbitrary non zero C∞ funtion ψ on Cn suh that Suppψ ⊂ Λ(Γ), where Λ(Γ) is a
fundamental domain of Γ in Cn. Then we an use the following lemma to show that the
spae FνΓ,χ is a nonzero spae and it is of innite dimension.
Lemma 3.5. Suppose that the ondition (RDQ) holds. Let ψ be a ompatly supported
C∞ funtion suh that Suppψ ⊂ Λ(Γ), and denote by PνΓ,χψ the (Γ, χ)-periodization (à la
Poinaré) of ψ given by
[PνΓ,χψ](z) =
∑
γ∈Γ
χ(γ)e−iνω(z,γ)ψ(z + γ)
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or equivalently (in view of Remark 3.2) by
[PνΓ,χψ](z) =
∑
γ∈Γ
χ(γ)eiνω(z,γ)ψ(z − γ).
Then, we have
i) The funtion PνΓ,χψ is a nonzero C
∞
funtion on C
n
.
ii) The funtion PνΓ,χψ belongs to the spae F
ν
Γ,χ. 
Proof of Lemma 3.5. i) By onstrution the Poinaré series [PνΓ,χψ](z) is well dened as
C∞ funtion on Cn. Furthermore, sine Γ is disrete, Suppψ ⊂ Λ(Γ) and χ(0) = 1, it is
easy to see that for every z ∈ Suppψ, we have
[PνΓ,χψ](z) = ψ(z).
ii) For every γ ∈ Γ and z ∈ Cn, we have
[PνΓ,χψ](z + γ) =
∑
h∈Γ
χ(h)eiνω(z+γ,h)ψ([z + γ]− h)
h=γ+k
=
∑
k∈Γ
χ(γ + k)eiνω(z+γ,γ+k)ψ(z − k).
Therefore, using the (RDQ) ondition χ(γ + k) = χ(γ)χ(k)eiνω(γ,k), we get
[PνΓ,χψ](z + γ) = χ(γ)e
iνω(z,γ)
∑
k∈Γ
χ(k)e2iνω(γ,k)eiνω(z,k)ψ(z − k)
Next, sine νω(γ, k) ∈ piZ for all γ, k ∈ Γ, it follows that e2iνω(γ,k) = 1 and thus
[PνΓ,χψ](z + γ) = χ(γ)e
iνω(z,γ)
∑
k∈Γ
χ(k)eiνω(z,k)ψ(z − k)
= χ(γ)eiνω(z,γ)[PνΓ,χψ](z).
The proof of Lemma 3.5 is nished. 
Now noting that for every f1, f2 ∈ F
ν
Γ,χ the produt funtion f1(z)f2(z) is a Γ-periodi
on C
n
, then
∫
Cn/Γ f1(z)f2(z)dm(z) makes sense, and therefore we an equip F
ν
Γ,χ with the
inner salar produt, to wit
〈f1, f2〉Γ :=
∫
Cn/Γ
f1(z)f2(z)dm(z) =
∫
Λ(Γ)
f1(z)f2(z)dm(z), (3.6)
where Λ(Γ) is any given fundamental domain of the lattie Γ. We denote by L2,νΓ,χ the
ompletion of FνΓ,χ with respet to the norm
|f |Γ =
√
〈f, f〉Γ; f ∈ F
ν
Γ,χ.
Remark 3.6. The Hilbert spae L2,νΓ,χ an be haraterized as the spae of all measurable
funtions on C
n
that are square integrable on Λ(Γ) with respet to the Lebesgue measure
dm and satisfying the funtional equation
f(z + γ) = χ(γ)eiνω(z,γ)f(z)
for almost every z ∈ Cn and every γ ∈ Γ.
In parallel to FνΓ,χ, we an onsider the funtional spae
GνΓ,χ =
{
g ∈ C∞(Cn); g(z + γ) = χ(γ)e
ν
2
|γ|2+ν〈z,γ〉g(z)
}
. (3.7)
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endowed with the norm || · ||Γ assoiated with the Hermitian salar produt
〈〈g1, g2〉〉Γ =
∫
Cn/Γ
g1(z)g2(z)e
−ν|z|2dm(z), (3.8)
Then, we verify that (FνΓ,χ, | · |Γ) and (G
ν
Γ,χ, || · ||Γ) are isometri pre-Hilbertian spaes
through the mapping
f ∈ FνΓ,χ 7−→ Gf ∈ G
ν
Γ,χ; [Gf ](z) = e
ν
2
|z|2f(z). (3.9)
Thus the Landau Hamiltonian L
ν
Γ,χ ating on F
ν
Γ,χ gives rise to the following seond order
dierential operator ∆νΓ,χ ating on G
ν
Γ,χ by means of
∆νΓ,χg =
1
2
e
ν
2
|z|2
[
L
ν
Γ,χ − nν
]
(e−
ν
2
|z|2g) (3.10)
for every g ∈ GνΓ,χ. More preisely, we have
∆νΓ,χ =
n∑
j=1
( −∂2
∂zj∂z¯j
+ νz¯j
∂
∂z¯j
)
. (3.11)
Therefore, desribing the spetral analysis of L
ν
Γ,χ on F
ν
Γ,χ is equivalent to do it for ∆
ν
Γ,χ
on the funtional spae GνΓ,χ.
Below, we will fous on the natural subspae OνΓ,χ(C
n) of GνΓ,χ, onsisting of holomor-
phi funtions on C
n
, g ∈ O(Cn), satisfying the funtional equation
g(z + γ) = χ(γ)e
ν
2
|γ|2+ν〈z,γ〉g(z)
for every z ∈ Cn and every γ ∈ Γ, i.e.,
OνΓ,χ(C
n) =
{
g ∈ O(Cn); g(z + γ) = χ(γ)e
ν
2
|γ|2+ν〈z,γ〉g(z)
}
. (3.12)
Then, aording to the isometry GνΓ,χ
∼= FνΓ,χ, one onludes easily from Proposition 3.1
that (RDQ) is a neessarily ondition to OνΓ,χ(C
n) be nontrivial subspae of GνΓ,χ. This
an be handled diretly as in Proposition 3.1. But for the onverse, i.e., (RDQ) implies
OνΓ,χ(C
n) 6= {0}, one has to proeed dierently sine we do not dispose with holomorphi
funtions with ompat support. For this let onsider the funtion KνΓ,χ(z, w) dened on
C
n × Cn by the onvergent series in C∞(Cn ×Cn)
KνΓ,χ(z, w) :=
(ν
pi
)n
eν〈z,w〉
∑
γ∈Γ
χ(γ)e−
ν
2
|γ|2+ν(〈z,γ〉−〈w,γ〉). (3.13)
Then, we state
Theorem 3.7. Suppose that the ondition (RDQ) is satised and let KνΓ,χ(z, w) be the
funtion dened by (3.13). Then
i) For every z, w ∈ Cn, we have KνΓ,χ(z, w) = K
ν
Γ,χ(w, z).
ii) For every γ1, γ2 ∈ Γ and z, w ∈ C
n
, we have
KνΓ,χ(z + γ1, w + γ2) = χ(γ1)e
ν
2
|γ1|2+ν〈z,γ1〉KνΓ,χ(z, w)χ(γ2)e
ν
2
|γ2|2+ν〈w,γ2〉. (3.14)
In partiular the funtion z 7−→ KνΓ,χ(z, w) belongs to O
ν
Γ,χ(C
n) for every xed
w ∈ Cn.
iii) For vol(Cn/Γ) denoting the Lebesgue volume of a fundamental domain of the lattie
Γ, we have ∫
Λ(Γ)
KνΓ,χ(z, z)e
−ν|z|2dm(z) = (ν/pi)nvol(Cn/Γ).
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iv) For every g ∈ OνΓ,χ(C
n), we have
g(z) =
∫
Λ(Γ)
KνΓ,χ(z, w)g(w)e
−ν|w|2dm(w).
Proof. i) is easy to hek. Indeed we use the fat that χ(γ) = χ(−γ), for the (RDQ)
ondition being satised, and next the hange −γ by γ in the involved summation (3.13).
For the assertion ii), one gets from (3.13) that
KνΓ,χ(z + γ,w) = (ν/pi)
neν〈z,w〉
∑
γ′∈Γ
χ(γ′)eν〈γ,γ
′〉e−
ν
2
|γ′|2+ν(〈z,γ′〉−〈w,γ′−γ〉).
Next, by making the hange γ” = γ′ − γ and using the (RDQ) ondition, it follows
KνΓ,χ(z + γ,w) = χ(γ)e
ν
2
|γ|2+ν〈z,γ〉KνΓ,χ(z, w); γ ∈ Γ.
Hene we obtain (3.14) thanks to i). Therefore, the funtion KνΓ,χ(z, w) belongs to
OνΓ,χ(C
n) for being holomorphi funtion.
For iii), we make use of (3.13) again, to get
∫
Λ(Γ)
KνΓ,χ(z, z)e
−ν|z|2dm(z) = (ν/pi)n
∑
γ∈Γ
χ(γ)e−
ν
2
|γ|2
(∫
Λ(Γ)
e2iνω(z,γ)dm(z)
)
.
Now, sine the ondition (RDQ) is satised, we see that the funtion z 7→ e2iνω(z,γ) is
Γ-periodi for every xed γ ∈ Γ and therefore Sγ ; γ ∈ Γ, where Sγ(z) := e
2iνω(z,γ)
, dene
a group harater on C
n/Γ. Hene, we have (see [4, page 3480℄, but a diret proof is
presented hereafter):
Lemma 3.8. Assume that the (RDQ) ondition is veried. Then, for every γ ∈ Γ \ {0},
we have ∫
Λ(Γ)
e2iνω(w,γ)dm(w) = 0. (3.15)
Thus, it follows∫
Λ(Γ)
KνΓ,χ(z, z)e
−ν|z|2dm(z) = (ν/pi)nχ(0)vol(Λ(Γ)) = (ν/pi)nvol(Λ(Γ)).
The proof of iv) relies essentially on the following
Lemma 3.9. For any given holomorphi funtion g ∈ O(Cn) satisfying the growth ondi-
tion |g(z)| ≤ Ce
ν
2
|z|2
, we have the following reproduing formula
g(z) = (ν/pi)n
∫
Cn
eν〈z,w〉g(w)e−ν|w|
2
dm(w). (3.16)
Then, sine for every g ∈ OνΓ,χ(C
n), there exists ertain onstant C ≥ 0 suh that |g(z)| ≤
Ce
ν
2
|z|2
, one an apply (3.16) to have
g(z) = (ν/pi)n
∫
Cn
eν〈z,w〉g(w)e−ν|w|
2
dm(w).
Next, by writing C
n
as disjoint union of γ + Λ(Γ), for varying γ ∈ Γ and using the fat
that the funtion g satises the funtional equation
g(w + γ) = χ(γ)e
ν
2
|γ|2+ν〈w,γ〉g(w),
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we get
g(z) = (ν/pi)n
∑
γ∈Γ
∫
Λ(Γ)
eν〈z,w+γ〉g(w + γ)e−ν|w+γ|
2
dm(w)
=
∫
Λ(Γ)
[
(ν/pi)n
∑
γ∈Γ
χ(γ)eν〈z,w+γ〉e−
ν
2
|γ|2−ν〈w,γ〉
]
g(w)e−ν|w|
2
dm(w).
Finally by denition of KνΓ,χ(z, w) given by (3.13), we onlude that
g(z) =
∫
Λ(Γ)
KνΓ,χ(z, w)g(w)e
−ν|w|2dm(w). 
Proof of Lemma 3.8. Fix γ ∈ Γ suh that γ 6= 0 and note that z → ω(z, γ) is a nonzero
funtion on a given fundamental domain Λ(Γ). Let u1, u2, · · · , u2n ∈ Γ be a basis of Λ(Γ).
For every xed z ∈ Λ(Γ), we write z = t1u1 + t2u2 + · · · + t2nu2n with tj ∈ [0, 1]. By the
G-invariane of dm, we get
∫
Λ(Γ)
e2iνω(z,γ)dm(z) = vol(Λ(Γ))
2n∏
j=1
∫ 1
0
e2iνtjω(uj ,γ)dtj
= vol(Λ(Γ))
2n∏
j = 1
ω(uj , γ) 6= 0
∫ 1
0
e2iνtjω(uj ,γ)dtj
= vol(Λ(Γ))
2n∏
j = 1
ω(uj , γ) 6= 0
(
e2iνω(uj ,γ) − 1
)
2iνω(uj , γ)
.
But, sine e2iνω(uj ,γ) = 1 for the triplet (ν,Γ, χ) satisfying the (RDQ) ondition, we get∫
Λ(Γ)
e2iνω(z,γ)dm(z) = 0. 
Proof of Lemma 3.9. Let g ∈ O(Cn) suh that |g(z)| ≤ Ce
ν
2
|z|2
and onsider the funtion
gε(z) := g(εz); z ∈ C
n
, for every given ε; 0 < ε < 1. Then, learly gε is holomorphi and
satises |gε(z)| ≤ Ce
ν
2
ε2|z|2 . Furthermore, we have∫
Cn
|gε(z)|
2e−ν|z|
2
dm(z) ≤ C2
∫
Cn
e−ν(1−ε
2)|z|2dm(z) < +∞
and therefore gε belongs to the Bargmann-Fok spae B
2,ν(Cn) on Cn,
B2,ν(Cn) =
{
g ∈ O(Cn);
∫
Cn
|g(z)|2e−ν|z|
2
dm(z) < +∞
}
. (3.17)
Hene, for every ε with 0 < ε < 1, we have
gε(z) = (ν/pi)
n
∫
Cn
eν〈z,w〉gε(w)e
−ν|w|2dm(w).
Finally by tending ε to 1 and applying the dominated onvergene theorem, we get
g(z) = (ν/pi)n
∫
Cn
eν〈z,w〉g(w)e−ν|w|
2
dm(w). 
As onsequene of the previous theorem, we state the following result for the spae
OνΓ,χ(C
n) endowed with the norm || · ||Γ assoiated with (3.8).
Corollary 3.10. Let the ondition (RDQ) to be satised. Then
i) OνΓ,χ(C
n) is a nonzero spae.
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ii) OνΓ,χ(C
n) is a reproduing Hilbert spae whose the reproduing kernel is given by
(3.13), i.e.,
KνΓ,χ(z, w) :=
(ν
pi
)n
eν〈z,w〉
∑
γ∈Γ
χ(γ)e−
ν
2
|γ|2+ν(〈z,γ〉−〈w,γ〉). (3.18)
iii) OνΓ,χ(C
n) is a nite dimensional spae whose dimension is
dimOνΓ,χ(C
n) = (ν/pi)nvol(Λ(Γ)).
Proof. For i), we see from iii) of Theorem 3.7 that KνΓ,χ(z, w) is a non vanishing funtion
on C
n ×Cn. Hene KνΓ,χ(z0, w0) 6= 0 for some (z0, w0) ∈ C
n × Cn. Therefore the funtion
z 7→ KνΓ,χ(z, w0) is a nonzero funtion that belongs to O
ν
Γ,χ(C
n) by ii) of Theorem 3.7.
To prove ii), we apply the Cauhy-Shwartz inequality to iv) of Theorem 3.7. Thus,
we see that for every g ∈ OνΓ,χ(C
n), we have
|g(z)| ≤
( ∫
Λ(Γ)
|KνΓ,χ(z, w)|
2e−ν|w|
2
dm(w)
)1/2
||g||Γ. (3.19)
Then for any given bounded domain Ω ⊂ Cn, we get
|g(z)| ≤ CΩ||g||Γ, z ∈ Ω, (3.20)
for ertain onstant CΩ. Therefore, any Cauhy sequene gj in O
ν
Γ,χ(C
n) for the norm
|| · ||Γ, is also a uniformly Cauhy sequene on any ompat set of C
n
and then onverges
to a holomorphi funtion g on Cn. Next, sine all gj satises the funtional equation
gj(z + γ) = χ(γ)e
ν
2
|γ|2+ν〈z,γ〉gj(z),
it follows that g belongs to OνΓ,χ(C
n).
This shows that the nonzero spae OνΓ,χ(C
n) is in fat a Hilbert spae for the norm
|| · ||Γ. Furthermore, the use of (3.20) infers that the evaluation map δz : O
ν
Γ,χ(C
n) −→ C
given by δzg := g(z), is ontinuous for every xed z ∈ C
n
. Hene OνΓ,χ(C
n) possesses a
unique reproduing kernel funtion K˜νΓ,χ(z, w). But in view of Theorem 3.7 [mainly i),
ii) and iv)℄, we dedue that K˜νΓ,χ(z, w) is exatly the funtion K
ν
Γ,χ(z, w) given through
(3.18).
The dimension of the Hilbert spae OνΓ,χ(C
n) an be alulated by integrating its re-
produing kernel KνΓ,χ(z, w) along the diagonal, that is
dimOνΓ,χ(C
n) =
∫
Λ(Γ)
KνΓ,χ(z, z)e
−ν|z|2dm(z).
Whene, in light of ii) of Theorem 3.7, it follows
dimOνΓ,χ(C
n) = (ν/pi)nvol(Λ(Γ))
and hene the proof of the theorem is ompleted. 
Remark 3.11. The spae OνΓ,χ(C
n) is of interest in itself for it linked in somehow to the
lassial Bargmann-Fok spae B2,ν(Cn). Indeed, aording to the expliit expression (3.13),
the reproduing kernel KνΓ,χ of the spae O
ν
Γ,χ(C
n) appears then as (Γ, χ)-periodization, with
respet to the automorphy fator χ(γ)e
ν
2
|γ|2+ν〈w,γ〉
, of the reproduing kernel (ν/pi)neν〈w,γ〉
of the Bargmann-Fok spae B2,ν(Cn) (3.17).
In the following table, we summarize some basi properties related to the spaes FνΓ,χ,
GνΓ,χ and O
ν
Γ,χ(C
n).
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Related items to FνΓ,χ G Related items to G
ν
Γ,χ
Automorphy fator χ(γ)eiνω(z,γ) χ(γ)e
ν
2
|γ|2+ν〈z,γ〉
Funtional equation f(z + γ) = χ(γ)eiνω(z,γ)f(z) g(z + γ) = χ(γ)e
ν
2
|γ|2+ν〈z,γ〉g(z)
Growth ondition |f(z)| ≤ C |g(z)| ≤ Ce
ν
2
|z|2
Natural subspaes G
−1[OνΓ,χ(C
n)] ? ∼= OνΓ,χ(C
n)
Dimension formulas dimG−1[OνΓ,χ(C
n)] = dimOνΓ,χ(C
n)
Salar produt 〈f1, f2〉Γ 〈〈g1, g2〉〉Γ
Hilbert struture L2,νΓ,χ = F
ν
Γ,χ
〈,〉
Γ ∼= B
2,ν
Γ,χ = G
ν
Γ,χ
〈〈·,·〉〉
Γ
Dierential operator LνΓ,χ ∆
ν
Γ,χ
Partiular Eigenspaes ker(LνΓ,χ − nν) = E
ν
Γ,χ(0)
∼= ker∆νΓ,χ
Dimension Formulas dim EνΓ,χ(0) ? = dim ker∆
ν
Γ,χ ?
Remark 3.12. The answers to the three question marks in the above table are inluded in
the main theorem. and iii) of Corollary 3.10. In fat, the spae G
−1[OνΓ,χ(C
n)] represents
in the FνΓ,χ piture the eigenspae of L
ν
Γ,χ assoiated with its lowest eigenvalue. Thus
OνΓ,χ(C
n) ∼= G−1[OνΓ,χ(C
n)] ≡ EνΓ,χ(0)
∼= ker∆νΓ,χ.
4. General properties of the (Γ, χ)-automorphi kernel funtions of
magnitude ν > 0
Here we reonsider the ation of the semi-diret group G = U(n)⋊Cn on L2(Cn; dm)
given through the unitary transformations (2.1), [T νg f ](z) := jν(g, z)f(g.z), where jν(g, z)
= eiνω(z,g
−1.0)
.
Denition 4.1. A given C∞ funtion K(z, w) on Cn × Cn is said to be G-invariant if it
veries the following property
K(g.z, g.w) = jν(g, z)K(z, w)jν (g,w). (4.1)
Thus, one an see that a given kernel funtion K(z, w) on Cn×Cn is G-invariant if and
only if it is of the form
K(z, w) = eiνω(z,w)Qν(|z − w|) (4.2)
for ertain funtion Qν dened on the positive real line. Throughout this setion, we
will suppose that the involved Qν is rapidly dereasing funtion on [0,+∞) and that the
(RDQ) ondition is satised. Thus, we dene KνΓ,χ to be the funtion on C
n × Cn given
by the following onvergent series
KνΓ,χ(z, w) = e
iνω(z,w)
∑
γ∈Γ
χ(γ)eiνω(z+w,γ)Qν(|z − w − γ|). (4.3)
The funtion KνΓ,χ(z, w) is in fat the (Γ, χ)-periodization (à la Poinaré) of the appropriate
funtion Kz(w) := K(z, w) and an be rewritten in the following variant forms
KνΓ,χ(z, w) =
∑
γ∈Γ
χ(γ)T−νγ [Kz ](w) (4.4)
=
∑
γ∈Γ
χ(γ)T ν−γ [K(ξ, w)]|ξ=z (4.5)
Therefore, using the (RDQ) ondition, it an be shown that KνΓ,χ(z, w) satises the fol-
lowing Γ-bi-invariant property
KνΓ,χ(z + γ,w + γ
′) = χ(γ)jν(γ, z)K
ν
Γ,χ(z, w)χ(γ
′)jν(γ
′, w) (4.6)
for every γ, γ′ ∈ Γ, and in partiular it is Γ-invariant. Moreover, we have KνΓ,χ(z, w) =
KνΓ,χ(w, z) if and only if the funtion Q
ν
is assumed to be, in addition, a real valued
funtion.
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Denition 4.2. We all KνΓ,χ(z, w), given by (4.3), the (Γ, χ)-automorphi kernel funtion
on C
n × Cn of magnitude ν > 0 assoiated with the G-invariant kernel funtion K(z, w).
Now, let denote by K the integral operator ating on the Hilbert spae L2(Cn; dm) by[
K(ϕ)
]
(z) =
∫
Cn
K(z, w)ϕ(w)dm(w) (4.7)
=
∫
Cn
eiνω(z,w)Qν(|z − w|)ϕ(w)dm(w) (4.8)
whih is well dened for Qν being assumed to be a rapidly dereasing funtion. Also,
let denote by K
ν
Γ,χ the integral operator assoiated with the (Γ, χ)-automorphi kernel
funtion KνΓ,χ and ating on the Hilbert spae L
2,ν
Γ,χ by[
K
ν
Γ,χ(ψ)
]
(z) =
∫
Λ(Γ)
KνΓ,χ(z, w)ψ(w)dm(w), . (4.9)
At one, sine Qν is rapidly dereasing, we show that the integral operator KνΓ,χ is of
trae. More preisely, we have the following result (whose the proof is exatly the same as
the one provided for ii) of Theorem 3.7).
Proposition 4.3. Under the (RDQ) ondition and the assumption that Qν is rapidly
dereasing, the trae of the integral operator K
ν
Γ,χ an be given by
Trace(KνΓ,χ) =
∫
Λ(Γ)
KνΓ,χ(z, z)dm(z) = Q
ν(0)vol(Λ(Γ)). (4.10)
As immediate onsequene, we have
Corollary 4.4. If the funtion Qν veries Qν(0) 6= 0, then there exists w0 ∈ C
n
suh that
the funtion z 7−→ KνΓ,χ(z, w0) is nonzero funtion on C
n
.
The relationship between K and K
ν
Γ,χ is given by the following
Lemma 4.5. For every ψ ∈ FνΓ,χ, we have
[K(ψ)](z) :=
∫
Cn
K(z, w)ψ(w)dm(w) =
∫
Λ(Γ)
KνΓ,χ(z, w)ψ(w)dm(w)
whih means that K|Fν
Γ,χ
= KνΓ,χ.
Proof. Writing C
n
as disjoint union of γ + Λ(Γ), γ ∈ Γ, and using the fat that the
Lebesgue measure dm is G-invariant as well as that any arbitrary funtion ψ in FνΓ,χ
satises ψ(w + γ) = χ(γ)jν(γ,w)ψ(w) for every γ ∈ Γ and every w ∈ C
n
. 
The above property allows K
ν
Γ,χ to inherit some useful properties of K. For instane,
we have the following ommutations:
Proposition 4.6.
i) For every g ∈ G, we have T νg K = KT
ν
g .
ii) For every γ ∈ Γ, we have T νγK
ν
Γ,χ = K
ν
Γ,χT
ν
γ .
iii) The Landau Hamiltonian L
ν
ommutes with both integral operators K and K
ν
Γ,χ,
i.e.,
L
ν
K = KLν and LνKνΓ,χ = K
ν
Γ,χL
ν. (4.11)
Proof. i) is easy to hek. Indeed, using the invariane property (4.1) that we an rewrite
also as
jν(g, z)K(g.z, w) = K(z, g
−1.w)jν(g−1, w), (4.12)
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it follows that
T νg
[
K(ϕ)
]
(z)
(4.12)
=
∫
Cn
K(z, g−1.w)jν(g−1, w)ϕ(w)dm(w).
Next, by making use of the hange w′ = g−1.w, we onlude that
T νg
[
K(ϕ)
]
(z) =
∫
Cn
K(g,w′)[T νg (ϕ)](w
′)dm(w′) = K
[
T νg (ϕ)
]
(z)
ii) is an immediate onsequene of Lemma 4.5 ombined with i) above, keeping in mind
the fat that T νγ ψ belongs to F
ν
Γ,χ if ψ ∈ F
ν
Γ,χ.
For iii), we begin by noting that if we use the notation L
ν
u to mean that the derivation
is taken w.r.t. the omplex variable u, then we have
L
ν
zK(z, w) = L
−ν
w K(z, w). (4.13)
Put K0(ξ) := K(ξ, 0). Hene in view of the fat that for every gz, gw ∈ G suh that gz.z = 0
and gw.w = 0, we have
K(z, w) =
[
T νgw
(
K0(ξ)
)]
|ξ=z =
[
T−νgz
(
K0(ξ)
)]
|ξ=w, (4.14)
together with the fat that L
ν
z and T
ν
gw ommute, we get
[LνzK(z, w)] = L
ν
ξ [T
ν
gwK0(ξ)]|ξ=z = T
ν
gw [L
ν
ξK0(ξ)]|ξ=z = T
ν
gw [L
−ν
ξ K0(ξ)]|ξ=z.
The last equality follows from the fats that ξ → K0(ξ) is radial and the operators L
−ν
and L
ν
have the same radial parts. Next, using the observation
[T νgwϕ](z) = [T
−ν
gz ϕ](w),
for any radial funtion ϕ, we onlude
[LνzK(z, w)] = T
−ν
gz [L
−ν
ξ K0(ξ)]|ξ=w = L
−ν
ξ [T
−ν
gz K0(ξ)]|ξ=w
(4.14)
= [L−νw K(z, w)].
Therefore, it follows
L
ν[Kf ](z) =
∫
Cn
[L−νw K(z, w)]f(w)dm(w)
for every C∞ ompatly supported funtion f . Finally, integration by parts yields
L
ν [Kf ](z) = K[Lνf ](z).
The ommutation L
ν
K
ν
Γ,χ = K
ν
Γ,χL
ν
follows easily from the previous one using Lemma
4.5 together with observation that L
νf ∈ FνΓ,χ for f ∈ F
ν
Γ,χ. 
Remark 4.7. It an be shown that integral operators K satisfying the ommutation rule
T νg K = KT
ν
g are those whose kernel funtion K(z, w) is G-invariant and so is of the form
K(z, w) = eiνω(z,w)Qν(|z − w|). (4.15)
To state the next result, let g ∈ G and denote by Ag the averaging operator ating on
L2(Cn; dm) by
[Ag(ψ)](z) :=
∫
U(n)
[
T νgk(ψ)
]
(z)dk, (4.16)
where dk is the normalized Haar measure of U(n). Then, we state
Proposition 4.8. The integral operator K assoiated with the G-invariant kernel funtion
K ommutes with the averaging operator Ag as dened in (4.16). That is for every g ∈ G
and every ψ ∈ L2(Cn; dm), we have
Ag[K(ψ)](z) = K[Ag(ψ)](z). (4.17)
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Proof. By denition, we have
Ag[K(ψ)](z) =
∫
U(n)
T νgk[K(ψ)](z)dk.
Next, by applying i) of Proposition 4.6, it follows
Ag[K(ψ)](z) =
∫
U(n)
K[T νgk(ψ)](z)dk
=
∫
U(n)
∫
Cn
K(z, w)[T νgk(ψ)](w)dm(w)dk.
=
∫
Cn
K(z, w)
( ∫
U(n)
[T νgk(ψ)](w)dk
)
dm(w)
=
∫
Cn
K(z, w)[Ag(ψ)](w)dm(w)
= K[Ag(ψ)](z).

Therefore, one an establish the following properties of the above averaging operator Ag.
Namely, we have
Proposition 4.9. Let ψ ∈ L2(Cn; dm) and Ag(ψ) its averaging as dened by (4.16) for
given g ∈ G. Then,
i) Agψ is a radial funtion for every g ∈ G.
ii) If ψ is bounded, then Agψ is bounded for every g ∈ G.
iii) The averaging operator Ag ommutes with the Hamiltonian L
ν
.
iv) If ψ is a bounded nonzero solution of the dierential equation Lνψ = ν(2λ + n)ψ,
then λ = l for some l = 0, 1, 2, · · · , and we have
[Ag0ψ](z) = Ce
− ν
2
|z|2
1F1(−l;n; ν|z|
2)
for some nonzero onstant C and ertain g0 ∈ G.
Proof. To prove i) let h ∈ U(n). Then
[Ag(ψ)](h.z)
(4.16)
=
∫
U(n)
[T νgk(ψ)](h.z)dk =
∫
U(n)
jν(gk, h.z)ψ(gkh.z)dk
Next, making use of the fat jν(gk, h.z) = jν(gkh, z) for h, k ∈ U(n), the hange k
′ = kh ∈
U(n) and the U(n)-invariane of the Haar measure dk yield
[Ag(ψ)](h.z) =
∫
U(n)
jν(gkh, z)ψ(gkh.z)dk
=
∫
U(n)
jν(gk
′, z)ψ(gk′.z)dk
= [Ag(ψ)](z)
and therefore Ag(ψ) is radial.
The assertion ii) on the boundedness of Ag(ψ) follows easily from the boundedness of
the funtion ψ keeping in mind that U(n) is ompat.
The proof of iii) relies essentially to the fat that the Landau Hamiltonian L
ν
ommutes
with the transformations T νg ; see Proposition 2.1.
For iv), let note rst from the assumption that ψ is a nonzero funtion on Cn, there is
z0 ∈ C
n
suh that ψ(z0) 6= 0 and then one an hoose g0 ∈ G suh that g0.0 = z0 (suh
g0 exists sine the ation of G on C
n
is transitive). Hene using the fat that k.0 = 0 for
every k ∈ U(n), it follows
[Ag0(ψ)](0) = ψ(g0.0) = ψ(z0) 6= 0,
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and therefore Ag0(ψ) is a nonzero funtion on C
n
. Now, the assertion in iv) follows by
ombining i), ii), iii) above and i) and ii) of Proposition 2.2. 
Thus, making use of the obtained properties of the operators Ag and K
ν
Γ,χ, we show
the following
Theorem 4.10 (Selberg transform). Let h be a given L2,νΓ,χ-eigenvalue of the integral op-
erator K
ν
Γ,χ. Then, there exists a positive integer j suh that
hϕj(z) =
∫
Cn
eiνω(z,w)Qν(|z − w|)ϕj(w)dm(w), (4.18)
where ϕj(z) := e
− ν
2
|z|2
1F1(−j;n; ν|z|
2). In partiular
h =
∫
Cn
Qν(|w|)1F1(−j;n; ν|w|
2)e−
ν
2
|w|2dm(w). (4.19)
Proof. Sine the operators K
ν
Γ,χ and L
ν
Γ,χ ommute (see iii) of Proposition 4.6), there is
a basis of the Hilbert spae L2,νΓ,χ onstituted of ommon eigenfuntions of both K
ν
Γ,χ and
L
ν
Γ,χ = L
ν
. Hene, for h being a given L2,νΓ,χ-eigenvalue of the integral operator K
ν
Γ,χ, there
exists λ ∈ C and a nonzero funtion ψλ ∈ L
2,ν
Γ,χ suh that
K
ν
Γ,χ(ψλ) = hψλ (4.20)
and
L
ν(ψλ) = ν(2λ+ n)ψλ. (4.21)
Hene, by taking the average of the involved funtions in both sides of (4.20) and using
Proposition 4.8, we dedue
h[Ag0(ψλ)](z) = Ag0 [K
ν
Γ,χ(ψλ)](z) = Ag0 [K(ψλ)](z) = K[Ag0(ψλ)](z)
where g0 is ertain element of G suh that ψλ(g0.0) 6= 0. Hene, we have
h[Ag0(ψλ)](z) =
∫
Cn
eiνω(z,w)Qν(|z − w|)[Ag0(ψλ)](w)dm(w).
In the other hand it follows from iv) of Proposition 4.9 that λ = j for ertain positive
integer j and that Ag0(ψλ) is proportional to the radial solution ψj of the dierential
equation L
νφ = ν(2j + n)φ, i.e.,
[Ag0(ψj)](w) = Cϕj(w) := Ce
− ν
2
|w|2
1F1(−j;n; ν|w|
2)
with C = [Ag0(ψj)](0) = ψj(g0.0) 6= 0. Therefore, we obtain
hϕj(z) =
∫
Cn
eiνω(z,w)Qν(|z − w|)ϕj(w)dm(w).
In partiular, we get the expression of h as asserted in (4.19) when taking z = 0. This
ompletes the proof of Theorem 4.10. 
5. Proof of main result.
First let reall that, under the (RDQ) ondition, the spae FνΓ,χ an be identied to
the spae of C∞ setions of an appropriate line bundle Lν,γ,χ over the ompat manifold
C
n/Γ ∼= Λ(Γ) (see Remark 3.6). Hene, it is a standard fat [6℄ that the self-adjoint ellipti
dierential operator L
ν
Γ,χ has disrete spetrum Sp(L
ν
Γ,χ), onstituted of an inreasing
sequene of eigenvalues tending to +∞ and ouring with nite degeneray. Furthermore,
we have the following orthogonal deomposition
L2,νΓ,χ =
⊕
µ(λ)∈Sp(Lν
Γ,χ
)
EνΓ,χ(λ) (5.1)
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with µ(λ) = ν(2λ+ n) and where EνΓ,χ(λ); λ ∈ C, are the eigenspaes
EνΓ,χ(λ) =
{
f ∈ FνΓ,χ; L
ν
Γ,χf = ν(2λ+ n)f
}
.
Thus the main result of this paper onerns the onrete desription of the orthogonal
deomposition (5.1). Mainly, we determine the spetrum of the Landau Laplaian L
ν
Γ,χ
when ating on L2,νΓ,χ and we show that the eigenspaes E
ν
Γ,χ(λ) orresponding to λ = l =
0, 1, 2, · · · , are the only nonzero (nite) eigenspaes, whose the dimension is omputed
expliitly. Also, we give the expliit formula for their reproduing kernels. To do this, we
begin by xing a given positive integer l and onsidering the eigenprojetor kernel of the
L2-eigenspae A2,νl (C
n) as given in Proposition 2.2 by (2.6), to wit
Kνl (z, w) = e
iνω(z,w)Qνl (|z − w|),
with
Qνl (|z − w|) =
Γ(n+ l)
Γ(n)l!
(ν/pi)ne−
ν
2
|z−w|2
1F1(−l;n; ν|z − w|
2).
Let Kνl;Γ,χ(z, w) be its assoiated (Γ, χ)-automorphi kernel funtion. Then from the pre-
vious setion, we know that there is w0 ∈ C
n
suh that z 7−→ Kνl;Γ,χ(z, w0) is a nonzero
funtion on C
n
belonging to the spae FνΓ,χ and furthermore to the eigenspae E
ν
Γ,χ(l).
Thus, we assert
Proposition 5.1. Assume the (RDQ) ondition to be satised by the triplet (ν,Γ, χ).
Then the eigenspae EνΓ,χ(λ) is a nonzero vetor spae if and only if λ = l is a positive
integer l = 0, 1, 2, · · · .
Proof. We have to prove only the "only if". Indeed, it holds by applying iv) of Proposition
4.9 to a given nonzero funtion ψ ∈ EνΓ,χ(λ) 6= {0}. 
The dimension formula of EνΓ,χ(l), l = 0, 1, 2, · · · , is an immediate onsequene of the
following
Proposition 5.2. Fix l = 0, 1, 2, · · · and let Kνl;Γ,χ be the integral operator on L
2,ν
Γ,χ asso-
iated with the (Γ, χ)-automorphi kernel funtion Kνl;Γ,χ(z, w),[
K
ν
l;Γ,χ(ψ)
]
(z) =
∫
Cn/γ
Kνl;Γ,χ(z, w)ψ(w)dm(w). (5.2)
Then the eigenvalues hl,j; j = 0, 1, 2, · · · of K
ν
l;Γ,χ are given expliitly by
hl,j =
{
1 if j = l
0 otherwise
.
Proof. Aording to Theorem 4.10, it follows that if hl,j is an L
2,ν
Γ,χ-eigenvalue of K
ν
l;Γ,χ,
then it is given through (4.19) by
hl,j =
∫
Cn
Qνl (|w|)1F1(−k;n; ν|w|
2)e−
ν
2
|w|2dm(w)
=
Γ(n+ l)
Γ(n)l!
(ν/pi)n
∫
Cn
1F1(−l;n; ν|w|
2)1F1(−k;n; ν|w|
2)e−ν|w|
2
dm(w)
for some (unique) positive integer k = kj . Next, by the use of the polar oordinates
z = rθ, r ≥ 0, θ ∈ S2n−1, the hange of variable x = νr2 and the fat that the involved
hypergeometri funtion 1F1(−j; c;x) for j ∈ Z
+
is related to the orthogonal Laguerre
polynomial Lc−1j (x) [11, page 333℄,
1F1(−j; c;x) =
j!Γ(c)
Γ(j + c)
Lc−1j (x),
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we get
hl,j =
vol(S2n−1)
2pin
k!Γ(n)
Γ(k + n)
∫ +∞
0
Ln−1l (x)L
n−1
k (x)x
n−1e−xdx.
The above involved integral is known to be given by [11, page 56℄,
∫ +∞
0
Ln−1l (x)L
n−1
k (x)x
n−1e−xdx =
Γ(l + n)
l!
δkl.
Thus, sine vol(S2n−1) = 2pin/Γ(n), we get hl,j = δkl, where δkl denotes here the Kroneker
symbol. 
Using the above result together with (4.18) in Theorem 4.10, keeping in mind that
Qνl (0) = 1, one dedues easily the following
Corollary 5.3. The funtion Kνl;Γ,χ(z, w) is the reproduing kernel of the eigenspae
EνΓ,χ(l), that is
f(z) =
∫
Cn/Γ
Kνl;Γ,χ(z, w)f(w)dm(w)
for every f ∈ EνΓ,χ(l). Therefore, we have
dimEνΓ,χ(l) =
∫
Cn/Γ
Kνl;Γ,χ(z, z)dm(z) =
Γ(n+ l)
Γ(n)l!
(ν/pi)nvol(Λ(Γ)).
Hene to omplete the proof of the main theorem, we have only to prove the following
Proposition 5.4. Under the (RDQ) ondition, the funtional spae OνΓ,χ(C
n) dened by
(3.12) is isomorphi to the fundamental spae of (Γ, χ)-ground states, EνΓ,χ(0). Preisely,
f 7−→ g = e
ν
2
|z|2f denes an isomorphism map from EνΓ,χ(0) onto O
ν
Γ,χ(C
n).
Proof. The assertion is a onsequene of Proposition 5.2 ombined with iii) of Corol-
lary 3.10. Indeed, from the expliit obtained dimensional formulas, we dedue that
dimOνΓ,χ(C
n) = dim EνΓ,χ(0). Therefore, making the observation that
G
−1[OνΓ,χ(C
n)] ⊂ EνΓ,χ(0)
for OνΓ,χ(C
n) ⊂ ker∆νΓ,χ = G[E
ν
Γ,χ(0)], it follows also that
OνΓ,χ(C
n) = ker∆νΓ,χ
∼= EνΓ,χ(0).
This ompletes the proof. 
Remark 5.5. Aording to the proof of the last proposition, we note that the spae of
holomorphi funtions on C
n
satisfying the funtional equation
g(z + γ) = χ(γ)e
ν
2
|γ|2+ν〈z,γ〉g(z)
an be viewed as the null spae of the dierential operator
∆νΓ,χ =
n∑
j=1
(
−∂2
∂zj∂z¯j
+ νz¯j
∂
∂z¯j
)
ating on C∞ funtions on GνΓ,χ. This means that the number of rst order dierential oper-
ators dening suh holomorphi funtions redues further to the single ellipti seond order
dierential operator ∆νΓ,χ. Suh situation arise frequently in the theory of holomorphi
funtions.
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6. Conluding remarks
Using the notation of Setion 3 (the Table there) and assuming the (RDQ) ondition
to be satised, we see that the main theorem an be reworded in terms of the spetral
properties of the dierential operator
∆νΓ,χ =
n∑
j=1
( −∂2
∂zj∂z¯j
+ νz¯j
∂
∂z¯j
)
ating on the Hilbert spae B2,νΓ,χ = G
ν
Γ,χ
〈〈·,·〉〉
Γ
endowed with the Hermitian inner produt
(3.8),
〈〈g1, g2〉〉Γ =
∫
Cn/Γ
g1(z)g2(z)e
−ν|z|2dm(z). (6.1)
Namely, we have the following Hilbertian orthogonal deomposition
B2,νΓ,χ =
∞⊕
l=0
El(∆
ν
Γ,χ),
where El(∆
ν
Γ,χ), l = 0, 1, · · · , are the eigespaes dened by
El(∆
ν
Γ,χ) =
{
g ∈ GνΓ,χ; ∆
ν
Γ,χg = νlg
}
.
Aording to the proof of ii) of the main theorem, the eigenspae E0(∆
ν
Γ,χ), orrespond-
ing to l = 0, is nothing but the spae OνΓ,χ(C
n) studied in Setion 3. Thus, the spae of
holomorphi funtions on C
n
, n ≥ 1, satisfying (1.4), an then be realized as the null spae
of the dierential operator ∆νΓ,χ on G
ν
Γ,χ. Also, let note here that for ν = pi, O
pi
Γ,χ(C
n) is
alled the spae of Γ-Theta funtions with respet to (H,χ); H(z, w) = 〈z, w〉, and plays
an important role in the theory of abelian varieties [10℄.
Now, sine OνΓ,χ(C
n) = Ker(∆νΓ,χ) and its dimension is given by
dimOνΓ,χ(C
n) = (ν/pi)nvol(Cn/Γ),
we may onlude this paper by asking if there is a some how anonial way for onstrution
of an orthogonal basis of OνΓ,χ(C
n) with respet to the Hermitian inner produt (6.1). We
may address the same question for the other eigenspaes El(∆
ν
Γ,χ), l = 0, 1, 2, · · · , whose
the dimension is given by
dimEl(∆
ν
Γ,χ) =
Γ(n+ l)
Γ(n)l!
(ν/pi)nvol(Cn/Γ).
For the ase n = 1 and l = 0, Professor Y. Hantout 1 has ommuniated to us the
onstrution of a anonial orthogonal basis of (OνΓ,χ(C), 〈〈·, ·〉〉Γ) expressed in terms
of some Jaobi Theta funtions in one variable z. We hope to handle the general ase
OνΓ,χ(C
n;H) in a near future.
Aknowledgements. The authors would like to thank the organizers of the meeting
AHGS06 (Moroan Assoiation of Harmoni Analysis and Spetral Geometry), where a
part of this work was presented as talk. A. G. would like to address speial thanks to the
Center for Advaned Mathematial Sienes (CAMS) of the Amerian University of Beirut
(AUB) for the hospitality during the full aademi year 2006-2007.
1
University of Lille 1, Frane.
20 A. GHANMI & A. INTISSAR
Referenes
[1℄ Askour N., Intissar A., Mouayn Z., Expliit formulas for reproduing kernels of generalized
Bargmann spaes on C
n
. J. Math. Phys. 41, no. 5, 30573067 (2000).
[2℄ Avron J.E., Herbst I., Simon B., Shrödinger operators with magneti elds. I: General intera-
tions. Duke Math. J. 45, no. 4, 847883 (1978).
[3℄ Bellissard J.: Gap Labelling Theorems for Shrödinger Operators. From Number Theory to
Physis.Edited by M. Waldshmidt et al.. Les Houhes 1989, Berlin, Springer-Verlag, Seond Edi-
tion (1995) pp 538-630.
[4℄ Bump D., Pekker A., On the dimension of Theta funtions. Pro. Amer. Math. So. 130, no 12,
34733481 (2002).
[5℄ Ghanmi A., Intissar A., Asymptoti of omplex hyperboli geometry and L2-spetral analysis of
Landau-like Hamiltonians. J. Math. Phys. 46, no. 3, 032107 (2005).
[6℄ Gilkey P. B., Invariane theory, the heat equation, and the atiyah-singer index theorem. Publish or
Perish Press, 1985. Available on the EMIS server http://www.emis.de/monographs/gilkey/index.html.
[7℄ P. Griffiths and J. Harris, Priniples of Algebrai Geometry. Pure and Applied Mathematis.
Wiley-Intersiene [John Wiley & Sons℄, New York, 1978.
[8℄ Hejhal D. A., Kernel funtions, Poinaré series, and LVA. In the tradition of Ahlfors and Bers Stony
Brook, NY, 173201 (1998). Contemp. Math. 256, Amer. Math. So., Providene, RI, 2000.
[9℄ Jones G. A., Singerman D., Complex funtions: An algebrai and geometri viewpoint. Cambridge
University Press, 1987.
[10℄ Mumford D., Abelian Varieties, seond ed., Tata Inst. Fund. Res. Stud. Math., vol. 5, Oxford Univ.
Press, London, 1974.
[11℄ Nikiforov A. F., Uvarov V. B., Fontions spéiales de la physique mathématique. éditions Mir,
Mosou, 1978. English edition: Speial funtions of mathematial physis. A unied introdution with
appliations. Birkhäuser Verlag, Basel, 1988.
[12℄ Novikov S. P., Two-dimensional Shródinger operators in periodi elds. Sov. Probl. Math. 23,
(1983) 332; Engl. transl. in J. Sov. Math. 28 (1) (1985).
[13℄ H. Koh, F. Rii, Spetral Projetions for the twisted Laplaian. Studia Math., no 2 (2007) 103-
110. math-ap/0412236v1.
[14℄ Satake, I. La déformation des formes hermitiennes et son appliation aux domaines de Siegel. Ann.
Si. Éole Norm. Sup. (4) 11, no. 3, 445449 (1978).
[15℄ Selberg A., Automorphi funtions and integral operators. In Seminars on Analyti Funtions II,
Institute for Advaned Study 152161 (1957). Artile 28 in Selberg, Colleted Works, Springer Verlag
464468 (1989).
[16℄ Shigekawa I., Eigenvalue problems of Shrödinger operator with magneti eld on a ompat Rie-
mannian manifold. J. Funt. Anal. 75, no. 1, 92127 (1987).
[17℄ S. Thangavelu, Letures on Hermite and Laguerre expansions. Mathematial Notes, 42. Prineton,
NJ, 1993.
[18℄ M. W. Wong, Weyl transforms. Universitext. Springer-Verlag, New York, 1998.
E-mail address: (A.G.) allalghanmigmail.om
E-mail address: (A.I.) intissarfsr.a.ma
